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1. Introduction 

Control of multiphase flow in high temperature melt is ubiquitous in several material processes. 

In the steel making or copper smelting processes, gas flow which passes between melting metal and 

slag affects reaction rate and refinement efficiency because of the change of gas-liquid interfacial 

area (Bird et al. 2006; Nakamura et al. 1988; Sano et al. 1976; Pehlke et al. 1974). Metal electrolysis 

process is also often accompanied with gas-liquid two phase flow such as gas generation around 

anode or reduction of gas at cathode in molten salt (Otake et al.; 2013). In ironmaking process, 

because the gas flow permeability in the melting zone differs remarkably from that in the lumpy 

zone, the control of this region has a large influence on gas flow. This means accurate understanding 

of the characteristics of the melt behavior is extremely important for constructing a low carbon blast 

furnace (Hayashi et al., 2014). 

In order to analyze multiphase behavior with molten metal or slag at high temperature, in-situ 

observation by high temperature X-rays penetration equipment has been performed (Nakamura; 

1988, Han; 2003). Visualization of melt and surface measurement are possible by using this method. 

However, it is difficult to carry out the X-ray penetration of the inside of molten metal, and since the 

observation domain is extremely limited, three-dimensional bubbles behavior cannot be known in 

two dimensions. Because a flow and mass transfer of gas-liquid (with solid) interface are greatly 

dependent on the physical properties of melt and very complicated, it is difficult to un-experiential 

predict these phenomena and optimization of an operational condition. 

From the background of progress of the latest computational science and technology, a high 

accuracy numerical simulation raises expectation for solution approach to this complicated problem. 

The authors have performed the numerical simulation of gas or solid or liquid flow in packed bed 

process. (Natsui, 2011, 2012a, 2012b, 2012c, 2013). By using large-scale numerical simulation, we 

can understand the unsteady three-dimensional information which is difficult to observe by 

experimental method. 

Now, in gas-liquid two phase flow, although many computational models have been proposed, 
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there are still many problems. Since an interface shape changes with time while a physical properties 

changes discontinuously in a gas-liquid interface, it is difficult to analyze from microscopic dynamic 

balance conditions. Thus the macroscopic two-fluid model which does not calculate gas-liquid 

interface shape is still used widely practical. Two-fluid model requires to apply an empirical formula 

for the momentum exchange between gas and liquid in compensation for skip of gas-liquid interface 

shape calculation, and the calculation accuracy will be greatly dependent on the reliability of the 

experimental data.  

On the other hand, there is the interface tracking method as un-experiential approach which can 

catch gas-liquid interface form with directly. The finite element method (Bonnerot; 1977, Lynch; 

1982) and a boundary-fitted coordinates system (Ryskin; 1984a, b) are the methods of making a 

calculation cell following interface modification, and need reconstruction of a calculation lattice. 

The Volume of Fluid (VOF) method (Hirt; 1981) which pursues the share of fluid by the Euler 

method is known widely. In VOF method, in the case of a complicated interface and advection of 

bubbles, in order to prevent accumulation of the error of the interface form by coarse graining, and 

what is called numerical diffusion, a special technic is needed. These are, for example, 

Donor-Acccptor method (Hirt, 1981), Level-set method (Osher, 1988), CIP method (Yabe, 1985), 

PLIC(Kothe, 1998), MARS method (Kunugi, 1997), and CICSAM (Ubbink and Issa, 1999). These 

methods have merit and demerit respectively, about reconstruction of calculation cells, volume 

conservation, and the interface reconstruction method, etc., thus it is necessary to choose the optimal 

method according to calculation condition. 

Above-mentioned problems are caused by discretization of cells. Then, particle method is a 

Lagrangian approach which does not use a mesh, and discretizes fluid by moving particles, and 

numerical diffusion does not exist in essence. In particle method, particles themselves move by 

advection with mass and volume. Therefore, an algorithm is simple and each particles keep interface 

sharp. The Smoothed Particle Hydrodynamics (SPH) method (Lucy, 1977) is one of particle method 

for fluid dynamics. It was originally developed for astrophysical applications and was later expanded 

for applications in solid and fluid mechanics (Monaghan, 1994). It works by dividing the fluid into 

asset of discrete elements, referred as particles and is based on integral representation of quantities 

and spatial derivatives.  SPH method is suitable for the compressive fluid on condition of 

noticeable density change. On the other hand, Koshizuka (1996) proposed the Moving Particle 

Semi-implicit (MPS) method which discretized incompressible Navier-Stokes equation by Taylor 

series. 

In particle method, gas phase movement was ignored and only liquid phase has been tracked like 

as single-phase flow. This is in order to avoid the numerical instability by large pressure gradient due 

to the large density difference. However, new algorithms for solving multi-density fluid directly is 

proposed in recent years. Das and Das (2011) proposed Diffuse Interface (DI) model for SPH 
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method to solve the high density ratio fluid, and it is also performing to explore physical parameters 

of such bubbly flows (Das and Das, 2013). Shakibaenia and Jin (2012) proposed Weakly 

Compressible MPS (WC-MPS) method, and applied to the Rayleigh-Taylor instability problem. 

They compared with VOF method, and have concluded the WC-MPS method have a more sharp 

interface. Grenier (2013) and Szewc (2013) applied the Multiphase-SPH model to more practical 

bubbly flow. Although the density ratio of their intended phenomena was still not large such as 

water-oil system, it was indicated to be able to apply this method to large scale industrial process.  

 It is required to numerically stabilize the gas-liquid interface more in order to apply to 

metallurgical process such as molten metal-slag-gas system. And solids form a packed bed, a 

two-phase solid-gas system exists in the upper furnace, and a three-phase solid-gas-liquid system 

exists in the lower furnace. If the stable gas-liquid model by particle simulation is developed, 

seamless coupling with Discrete Element Method (DEM) which is one of solid particle simulation is 

possible. In the present research, stability of gas-liquid interface was improved, and we verified the 

computational accuracy of this model based on a comparison of the numerical results with 

analytical/experimental results. 

 

2. Method 

In the particle method, fluid flow is tracked by discretized particles in Lagrangian system. All 

fluids (liquid and gas) are assumed to be incompressible fluid because of the sufficiently-small Mach 

number. The fluids are spatially discretized by particles which have each character of density �. 

However, in a gas/liquid two–phase flow, because the density at phase boundaries is not a steady, � 

is newly defined as the density function of each particle i. 

 �� = 〈�〉� (1) 

where 〈 〉 represents the interparticle interaction, i.e. particle i is influenced by surroundings. This 

means that the density of the fluid varies with the spatial distribution. The large density difference at 

a two–phase interface dramatically affects the momentum exchange. To smooth the pressure gradient 

between the gas and the liquid, a smoothed interface density function is introduced in boundary 

particles.  

 〈�〉� =������
���

� �����
�

�  (2) 

where �� is the mass of the particle j, � is the weight function, and � is the volume of the fluid. 

The basic idea of the MPS method is to express incompressible fluid motion by keeping each 

particle ambient density constant. The sum of the weight functions of neighboring particles is 

defined as the particle number density � (Koshizuka and Oka, 1996). 
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〈�〉� =����
���

� ��� = �
��
��� − 1 ���� � ���

� ���� � ���
 (3) 

where ��� is distance between particle i and j �= ��� − ����, and �� is the influence radius of the 

weight function. In this study, �� = ��1�� is assumed (Tanaka and Masunaga, 2010). To maintain 

the incompressibility of the fluid, a standard particle number density �� is given from the initial 

arrangement of uniform fluid particles.  

 
�� =�����

���
 (4) 

All the particles try to maintain a constant density and be close to ��. Therefore, numerical 

stabilization of pressure distribution is affected by ��, then the initial arrangements of particles will 

be important. A simple cubic (SC) arrangement is commonly used, then the filling fraction for this 

arrangement is relatively low (� � ����). In the case of the gas/liquid flow, particles move easily 

under a pressure gradient (i.e. density difference ratio is approximately 1:1000 between gas and 

liquid). In the previous report, we introduced the checkerboard (CB) arrangement which is a high 

filling fraction, pressure fluctuation was partially decreased. As same this idea, we employed 

hexagonal close-packed (HCP) in order to calculation more stably. In the HCP arrangement, a denser 

state is assumed as the standard for a non–compressed state, and the numerical stability at a gas–

liquid interface can be improved.   

Flow of each fluid phase is governed by the equation of continuity and incompressible 

Navier–Stokes equation.  

 ��
�� + �� � � = � (5) 

 ��
�� = −1��� + ���� + � + 1

��� 
(6) 

where � is the velocity, �  is the time, � is the density, � is the pressure, �  is the kinetic 

viscosity, � is the gravity, and �� is the surface tension translated into a force per unit fluid 

volume. Equation (6) is discretized by MPS–based method, i.e. pressure gradient term is calculated 

by implicit method, other terms are calculated by explicit method. 

 ��
�� = �−1����

����
+ ������� + ���� + �1����

�
 (7) 

An explicit solution to the particle motion equation is obtained by substituting the differential 

operators in the governing equations into the MPS discrete model (Tanaka and Masunaga, 2012).  

 
�∗ = �� + �� ����� + �+ 1

����
�
 (8) 

where �∗ is velocity in the prediction step. The pressure term at the next step remains unknown 
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value. The pressure is solved from the particle number density in the prediction step 〈�∗〉�, which is 

explicitly solved using the particle velocity and initial particle density. The gas phase as well as the 

liquid phase is discretized by particles in this model, and the numerical destabilization is often 

increased owing to the very different density at the gas/liquid interface. This is caused by keeping 

strict compressibility at the interface, thus the limited compressibility is assumed to stabilize the 

pressure at the interface. Because a smooth density function 〈�〉� is specified at the gas/liquid 

interface, it should not be given as a constant. In this model, the spatial differentiation of 〈�〉� is 

also considered. The following Poisson’s equation is employed. 

 � � � 1
〈�〉� ���

����� � � � �∗
�� � γ

��� ��
〈�∗〉�
�� � � 1� (9) 

This formulization is also similar to a stable algorithm for calculating a compressible flow by an 

Eulerian approach, and a convergent calculation is applied instead of an explicit calculation, thus 

interfacial stability can be obtained. We employed γ � 0�01 considering the numerical stability and 

volume conservation (Natsui et al., 2014). Therefore, each particle velocity in next step can be given 

using obtained ������ as: 

 
����� � �∗ � ����� ����

����
 (10) 

 Particle-particle interaction forces �� are added to the momentum conservation equation 

to generate surface tension. The continuum surface force (CSF) approach model was localized to a 

fluid interface by applying them to fluid elements in the transition region of the interface (Morris, 

2000). Surface tension is converted to force per unit volume by: 

 ���� � ������� �� � �1 ��� � ����
0 ��� � ���� (11) 

where �  is a delta function for judgment of surface 

particles, the neighboring same phase particle number �� 
is used. Here, � and �� are the standard neighboring 

particle number in an incompressible state and a 

coefficient for surface judgment, respectively. In the 

present research, � � 0��� was assumed (Tanaka and 

Masunaga, 2010.). �� is the force per unit area given by 

the interparticle potential force model. According to the 

previous research, the exact form of this force is not very 

important as long as it is anti-symmetric and short-range 

repulsive, long-range attractive (Kordilla et al. 2013). In this study, we construct �� following 

Kondo et al. (2007) who employed this type of interaction force as same as Dissipative Particle 

Dynamics (DPD) models. 

Fig. 1. Schematic diagram of 3-phase 
interface in particle base discretization 
model. 
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����� � ������ ��������
���

�
��

� ���� � ������ � ��� (12) 

where � is the surface tension coefficient, and � is the interparticle potential. Natsui et al. (2012) 

verified that this form can estimate the absolute value of surface tension. In the case of multi-phase 

flow, pairwise different phase will be formed with interface particles as shown in Figure 1. In the 

surface, two interface particles should maintain a smooth pairwise relation. Here, a different liquid 

phase A and B are defined, and let us consider a liquid A particle which are contact with gaseous 

particles. We assume that surface tension �� is changed smoothly according to the particle number 

ratio between liquid A and B. It is described as: 

 �� � 〈�〉� (13) 

then, 

 〈�〉� �
����� � �����
��� � ���  (14) 

where ��� is number of particle ��� �� around particle i which contact with gaseous particles, ��� 

is number of particle ��� �� around particle i which contact with gaseous particles, �� is surface 

tension coefficient of liquid A, �� is surface tension coefficient of liquid B, respectively. Thanks to 

this simple assumption, surface tension working at A-gas and B-gas of two different interfaces 

change smoothly. We employed this “mutual interface” model for gas/liquid/liquid simulation. 

Liquid/liquid interface tension coefficient ��� remains as unknown value. It is derived by applying 

the “Antonoff’s rule” (1907) described as: 

 ��� � |�� � ��| (15) 

 

3. Results and discussion 

 In this section, we discuss the calculation verification in the bubble shape in a single liquid 

phase. The time change in the maximum liquid height 

and diameter of a gas bubble are shown in Figure 2. 

Distilled water was employed in this experiment. The 

rising of the bubble as the result of the buoyancy 

caused by the density difference between the gas and 

the liquid was seen. At the same time, a bubble has 

become a horizontally long shape. The bubble behavior 

was in good agreement with the experimental results. 

This reason may be because initial HCP particle 

arrangement and mutual interface model stabilized the 

bubble behavior. The influence of liquid viscosity on 

Fig. 2. Comparison of experimental and 
calculated results for the change over 
time in the maximum height, width. 
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bubble behavior was investigated. Figure 3 shows snapshots of the bubble behavior obtained by the 

simulation at various times. Two types of silicon oil, 10cs and 100cs, were employed. Although the 

data show a two–dimensional picture of transparent object, it can be seen that a dome–shaped bubble 

rose in the liquid, changed its interfacial shapes. The difference of liquid viscosity changed bubble 

shape; i.e. high viscosity shows the vertically long shape.  

 Next we discuss application of this model to gas/liquid/liquid system. Figure 4 shows the 

snapshots of the bubble rising through the water/oil interface obtained by the simulation and the 

experiment. At t = 0.20 s, a rising bubble modified water/oil interface, after that it pulls the water 

phase upwards after the passage through the oil/water interface. The height of the water column 

grows up and the stretched water column makes a neck around z = 0.09 m. The bubble height shows 

good agreement with experimental data, thus interface shape change by convection might be 

correctly estimated. On the other hand, the water column height obtained by calculation increased 

later than the experiment. Observed liquid surface was little bit thicker than simulated result at t = 

0.20 s in Figure 4. Rapid rupture of “thin water film” would derive from a finite interface thickness 

in this simulation model. The error resulting from thin film is remarkable after interface invasion of 

air bubbles. In the experimental data, thin water film are observed in front and back side at t = 0.35 

and 0.50 s in Figure 4. This is because the formation of a thin film on the liquid surface is 

disregarded in this calculation condition, or liquid/liquid interface tension might not be able to 

predict enough accurately.  

The behavior of even a liquid including simple single bubble changes to a fully 

3-dimensional, so we believe that just our 2-dimensional information in the cold model experimental 

picture is insufficient to predict the behavior in actual gas/liquid/liquid behavior. The main novelty 

Figure 4. Snapshots of a single bubble 
rising thorough a water/oil interface. 

Figure 3. Snapshots of a gas bubble rising thorough oil. 
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of this article is direct prediction of the liquid/liquid surface area �. Here, � can be predicted using 

surface area at initial condition �� and surface delta function as: 

 

� ����
�
� �����

�
�
�

����
�

�  (16) 

Figure 5 shows the time change of simulated liquid/liquid surface area. � was increased with 

fluctuation until rupturing a thin water film (Fig. 6a). Although � was temporary decreased after 

rupturing a thin film, it was significantly increased with water column growing. From this result, it is 

derived that even a single bubble stirs the liquid/liquid interface. When a bubble reached to surface 

of oil at t = 0.45 s, the water column stopped growth and � indicates the maximum at the point of 

Fig. 12b. Then coalescences of water droplet in oil decreased surface area. In the stage of 

sedimentation, droplets slowly drop and it maintains � ��⁄ ~1.20. A bubble affects an interface area, 

even after passing through the water/oil interface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusion 

We newly developed a particle method computational fluid dynamics model for molten 

metal-slag-gas multi-phase flow, and have investigated the model accuracy based on comparing with 

cold model experiments. In this model, the gas phase and liquid phase are directly discretized as 

Figure 5. Change over time in the surface area 
of a water/oil interface; a: breaking of thin film, 
b: breaking of bubble. 
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particles, therefore it is practical and useful for application to actual metallurgical process. 

Numerical stability was improved by using denser initial particle arrangement. The surface tension 

model based on inter-particle potential expanded to immiscible three fluids flow by considering 

multi-interface force balance.  

For the first step, we applied this model to simple liquid/gas system, and compared the results of 

simulation with experimental photographs. Interface modification was recorded using high-speed 

video camera, and experimental data was analyzed. The time change of bubble height and shape 

were quantitatively in good agreement with the experimental results, thus this model successfully 

predicted bubble rising behavior in each viscous fluid. 

Next, we investigated an entrainment phenomenon of the water column pulled by a rising 

bubble through a water/oil interface. The time change of interface shape by convection might be 

correctly estimated. However, rupture of thin water film which covered around bubble has not been 

necessarily predicted. This is because the liquid/liquid interface tension might not be able to predict 

enough accurately. Nevertheless, this 3-dimensional unsteady numerical model gives new 

information to predict the time change of liquid/liquid interface area based on fluid dynamics. 

Prediction of such a continuous interface change has not been obtained by the conventional static 

model. Another advantage of this technique is to be able to apply to further complicated system such 

as actual metallurgical systems. In the future, further developing of interface accuracy will be an 

effective method for predicting the surface area by simulating the position, velocity, pressure, and 

other parameters of the fluid elemental volume. 

Now we are also trying to develop DEM-based 

block model for seamless analysis of gas-liquid-solid 

3-phase flow. The behavior of an individual block is 

usually tracked using a rigid body model as shown in 

Figure 6. DEM and MPS have common characteristics, 

such as being Lagrangian models, the passively 

moving solid model shows high affinity with DEM. In 

a present stage, this direct 3-phase flow model 

indicates poor convergency due to the inter-particle 

potential force of surface tension. It needs to develop 

the further numerical stability especially at the 3-phase 

interfaces.  
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Figure 6. Sample calculation of rigid 
body DEM model. Color scale shows the 
velocity of each element. 
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